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ABSTRACT

In this paper the concept of new contraction mappings has been used in proving fixed point theorems. We
establish some common fixed point theorems in complete dislocated quasi metric spaces using new contraction
mappings.
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l. INTRODUCTION

P.Hitzler , introduced the notation of dislocated metric spaces in which self distance of a point need not be equal
to zero. They also generalized the famous Banach contraction principle. Since this principle has been extended
and generalized in various ways by putting contractive conditions either on the mappings or on the spaces.
Dislocated metric space plays very important role in topology, logical programming and in electronics
engineering. Zeyada et al. (5) initiated the concept of dislocated quasi-metric space and generalized the result of
Hitzler and Seda in dislocated qusi-metric spaces. Results on fixed points in dislocated and dislocated quasi-
metric spaces followed by Isufati (1) and Aage and Salunke (4) , and recently by Shrivastava , Ansari and
Sharma(8). Our result generalizes some results of fixed points.

1. PRELIMINARIES
Definition 2.1: Let X be a nonempty set, letd : X x X — [0, 0 ) be a function satisfying following conditions.
() d(x,y) =d(y,x) =0 impliesx=y.
(i) d(x,y) < d(x,z)+d(z,y) foral x,y,ze X.
Then d is called a dislocated quasi metric spaces or dq - metric on X.

Definition 2.2: A sequence { X ,} in dg-metric space ( X, d ) is said to be a Cauchy sequence if for given
e> 0, there exists nge N such that for all m, n >ng, implies  d(xp,,x,)<e .

Definition 2.3: A sequence { X , } in dg-metric space ( X , d ) is said to be a convergent to x  if
lim d(x,x)=0.
n— o

Definition 2.4 : A dg-metric space ( X, d) is said to be a Complete if every Cauchy sequence in convergent in
X.

Definition 2.5 : Let (X,d) be a dg-metric space . A mapping f : X — X is called contraction if there exists
0<A<1lsuch that d[f(x) f(y)]< ad(x,y)for all x,ye X.

Lemma 2.6: dg-limits in a dg-metric space are unique.

Theorem 2.7: Let (X,d) be complete dg-metric space and let f : X— X be a continuous contraction function
then f has a unique fixed point.

1. MAIN RESULTS
Theorem 3.1: Let ( X, d) be a complete dislocated quasi metric space .Let T be a continuous mapping from X
to X satisfying the following condition

d(y,Tx )+d(x,Ty)
1+d(y,Ty) d(y,Tx)
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forall x, ye X ,a,8>0 and a +28 <1.ThenT has a unique fixed point.

Proof: Let { x ,} be a sequence in X, defined as follows
Let Xge X, TXg =Xy, TX1 =X, y TXn = Xne1,
Consider

d(xp, xpy1)= d(Mp_1,Txy)

................

d(xn, TX n_ d(xpn_1,Tx
Sad(xn_l,xn)+p’ (n n 1)Jr (n 1 n)
T+d(xn, Txp)d(xp, X 1)

<ad (anyxn)+ﬂ[ d(xn,xn)+d(xn1,xn+1)]

1+ d(xp,Xpy1) d(xp.xp)
<ad(Xp_1.%y)+ Bd(Xy_1.Xn41)
(- p)d(xq.xns1)< (@ + ) d(xq_1,%p)

4
2 ﬁJd(anvXn)
1-p

d(xn,xn+1)<[

d(xn, Xne1)<h d(xg_1, Xp beee( 2)  where h_[a+ﬁ]<l
1-5

In the same way, we have d (xp_1,xp)<h d(xp_2,xn_1)-
By (2), we g6t d(xp.xns1)<h? d(xp_p.xy_q) Continue this process, we get in general

d(xp.Xpeg)<h” d(xg,xg) Since 0<h<las n—o,h™ 0. Hence {x,} isadg- cauchy sequence

in X . Thus { x ,} dislocated quasi converges to some u in X . Since T is continuous we have T(u) = lim T(x )
=lim X,+1 =u.Thus u is a fixed point T.

Uniqueness: Let y* be another fixed point of T in X, then Ty*= y* and Tx*= x*.
d(y*Tx *)+d(x*Ty *)
1+d(y*Ty*) d(y*Tx *)

d(y* x*)+d(x*, y*)]

NOW, g (1x *, Ty *) < ad (x*, y*) + ,5'[

T+d(y* y» d(y* x*)
d(x*,y%) < ad(x* y*) +24d(x* y*)
d(x*,y*) < (a+28)d(x* y*)

This is true only when d(x*, y*)=0. Similarly d(y*, x*)=0. Hence d(x*, y*)= d(y*, x*)=0 and so x* =y* .
Hence T has a unique fixed point.

d(x*, y*) < ad(x* y*)+ﬂ[

Theorem 3.2: Let ( X, d) be a complete dislocated quasi metric space .Let T be a continuous mapping from X
to X satisfying the following condition
d(y,Ty)[1+d(x,Tx)] d(y,Tx)+d(x,Ty)

d(T™x ,Ty)) < a +p +yd(xy) e (1)
1+d(x,y) 1+d(y,Ty)d(y,Tx)

forall x, ye X ,a,8,7>0 and a +28+y <1.ThenT has a unique fixed point.

Proof: Let { x .} be a sequence in X, defined as follows
Let Xge X, TXg =Xy, TX1 =X, y TXn = Xpet,
Consider

d(xp xpe1)= d(Mp_1,Txy)

Z d(xp. Txp)[1+d (Xn—lvTXn—l)]+ d(xp Txp_g)+d(xp_1.Txp)
1+d(xn_1,%n) 1+d(xp,Txp)d (X, TX 1)

,,,,,,,,,,,,,,,,

}*’7‘1 (Xn—llxn)

< ad (xp. Xpi1) L+ d (anvxn)]+ﬂ[ d(xp, xp)+d(xp_1,%p41)
1+d(xn,1,xn) 1+d(xn,xn+1)d(xn,xn)

]JrVd (Xp—1,%p)

<ad(xg Xppp)+ Bd(xp_1.Xpe1)+7d (Xp_1. %)
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(1*0‘*ﬂ)d(xnvxn+1)S (ﬂ*i’)d(xn—lvxn)

B+
d(xp. Xpi1)< {—7Jd(xn—lvxn)
l-a-p

In the same way, we have d(x,_1,xn)<h d(xp_2.%Xn_1)-
By (2, we get d(xy.xp.1)<h? d(xq_2.x5_1) Continue this process , we get in general

d(xp.Xpsg)<h” d(xg,xg) Since 0<h<las n—>ow,h™ > 0. Hence {x,} isadg- cauchy sequence

in X . Thus {x .} dislocated quasi converges to some u in X . Since T is continuous we have T(u) = lim T(x )
=lim X,+1 =u.Thus u is a fixed point T.

Uniqueness: Let y* be another fixed point of T in X, then Ty*= y* and Tx*= x*.
d(y* Ty *) [L+d(x*Tx*] . [ d(y*Tx *)+d(x*Ty *)

NOW, ¢ (1x *,7y*) < «

+d(x* %) (3)
1+ d(x* y*) 1+d(y*Ty*) d(y*Tx *)

oxr gy 2 2O B 0] [ alyn )+ d(x y )

J +y d(x* y¥)
1+d(x* y*) T+d(yx y*) d(y* x*)
d(x*,y*) < 2pd(x* y*) +yd(x* y*)
d(x*y%) < (28 +7)d(x* vy
This is true only when d(x*, y*)=0. Similarly d(y*, x*)=0. Hence d(x*, y*)= d(y*, x*)=0 and so x* =y*.
Hence T has a unique fixed point.

Theorem 3.3: Let (X, d ) be a complete dislocated quasi metric space .Let T be a continuous mapping from X
to X satisfying the following condition

ad(y,Ty)d(x,Tx) . d(y, ™ )+d(x,Ty)
d(x,y) 1T+d(y,Ty)d(y. ™)
forall x, ye X,a,8,7>0 and a +28+y <1.ThenT has a unique fixed point.

d(Tx ,Ty)) < +yd(x,y) . (1)

Proof: Let { x ,} be a sequence in X, defined as follows
LetXoe X, TXo =Xy, TX1 =X, ... s TXn = Xna,
Consider

d(xp, xpe1)= d(Mp_1,Txp)
@ d(xanXn)d(Xn—lvTXn—1)+ d(xp TXp_1)+d(xp_1,Txp)
d(xp_1.%n) 1+d(Xn, Txp)d(xy, TX21)

]+7d (Xn—1,%n)

IN
N

d (Xp . Xp41)d (Xn—l'xn)+ [d(xn,xn)+d(xn1.xn+1)
d(Xn—lrxn) 1+d(Xp,Xp41) d(xn,xn)
< ad(xp Xpp1)+ Ad (xn_1.Xp 1)+ 7 d (Xp_1.%p)
(-a-p)d(xg. xpp1)s (B+7)d(xp_g.xn)

B+
d(xp. Xpi1)< {—7Jd(xn—lvxn)
l-a-p

J*Vd (Xn—1.%n)

d(xn, Xne1) < h d(xg_1,Xp b 2) where h_[ﬂi]<l
In the same way, we have d (x,,_1,xn )< h d(xn_2,%Xp_1)-
By (2), we get d(xp.xps1)<h? d(xn_p.x,_q) Continue this process , we get in general

d(xy,Xne1)<h™ d(xg,xg) Since 0<h<las n—>w,h" 0. Hence {x,} isadg— cauchy sequence
in X . Thus { x ,} dislocated quasi converges to some u in X . Since T is continuous we have T(u) = lim T(x )
=lim X,+1 =u.Thus u is a fixed point T.
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Uniqueness: Let y* be another fixed point of T in X, then Ty*= y* and Tx*= x*.
ad(y* Ty *)d(x* Tx *) ) [ d(y* Tx *)+d(x*Ty *)
d(x*, y*) L+d(y=Ty*) d(y*Tx *)

Now, 4 (tx *, Ty % < « ] I D (3)

d(x*,y*) < a

d(y* y*) d(x* x*) d(y* x*)+d(x* y*) .
+ B +yd (x*, y%)
d (x*, y*) 1+d(y* y*) d(y* x*)
d(x*,y*) < 28d(x* y*) +yd(x* y*)
d(x*,y* < (28+y)d(x* y»
This is true only when d(x*, y*)=0. Similarly d(y*, x*)=0. Hence d(x*, y*)= d(y*, x*)=0 and
so x* = y* . Hence T has a unique fixed point.

Theorem 3.4: Let (X, d) be a complete dislocated quasi metric space .Let T be a continuous mapping from X
to X satisfying the following condition

d(y, ™ )+d(x,Ty )}d(y,Ty )e /2’[ d(y,Tx)+d(x,Ty)
d(x,y) +d(y,Ty) L+d(y,Ty)d(y,™)

forall x, ye X,a,8,7>0 and a +28+y <1.ThenT has a unique fixed point.

d(Tx ,Ty)) <« +yd(x,y) .. (1)

Proof: Let { x ,} be a sequence in X, defined as follows
Let Xoe X s TXO =X, TX1 =X y TXn = Xn+1.
Consider

d(xp . xpy1)= d(Mxp_1,Txy)

< a[ d(xn'Txn1)+d(xn1'Txn)]d(xn,Txn)+ﬁ[ d(xn,Txn71)+d(xn,1,Txn)

+yd(x 1, X )
d(xn_l,xn)+d(xn,Txn) 1+d(xn,Txn)d(xn,Txn_1)] n-1:7n

Sa[ d(xn’xn)+d(xn_l’xm'l)]d(xn,xn+1)+ﬂ[ d(xnrxn)+d(xn—1vxn+1)]+yd (Xn—lvxn)
d(Xp_1,Xp) +d(xp, Xp41) 1+d (X, Xpy1) d (X, %p)

< ad(Xp,xpp1)+ Bd(Xp_1,Xn41)+ 7 d (xn_1, %)
L-a-p)d(xp. xns1)s (B+r)d(xn_1,xn)

B+
d(xp. Xpi1)< [—7]d(xn_l,xn)
l-a-p

d(xn, Xne1)<h d(xg_1,Xp beeee( 2)  where  h = ['BL]<1
l-a-p

In the same way, we have d(x,_q,xy)<h d(xn_2,Xn_1)-
By (2), We get d(xp xp,1)<h® d(xn_p.x5_q1) Continue this process , we get in general

d(xp.Xpsg)<h” d(xg,xg) Since 0<h<las n—>o,h™ 0. Hence {x,} isadg- cauchy sequence

in X . Thus { x ,} dislocated quasi converges to some u in X . Since T is continuous we have T(u) = lim T(x )
=lim X,+1 =u.Thus u is a fixed point T.

Uniqueness: Let y* be another fixed point of T in X, then Ty*= y* and Tx*= x*.
Jd(y*.Ty )+ ﬁ[

d(y*Tx *)+d(x*Ty *)
d(x* y*) +d(y*Ty *)

d(y* x*)+d(x*, y*)]d(y*’ v+ [ d(y* x*)+d(x*y*)

d(y*Tx *)+d(x* Ty *)
1+d(y*Ty*) d(y*Tx *)

Now, ¢ (1x *,Ty*)ga[ ]erd(x*, vy (3)

d(x*,y* < a[
d(x* y*) +d(y* y*) T+d(y* y*) d(y* x*)

d(x*,y*) < 2pd(x* y*) +yd (x* y*)

d(x*.y%) < (28 +7)d(x* y*)
This is true only when d(x*, y*)=0. Similarly d(y*, x*)=0. Hence d(x*, y*) = d(y*, x*)=0 and
so0 x* = y* . Hence T has a unique fixed point.

] +yd (x*, y¥)
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Theorem 3.5: Let (X, d) be a complete dislocated quasi metric space .Let T be a continuous mapping from X
to X satisfying the following condition

d(Tx ,Ty)) <a d(X’Ty)d(y'TY)J+,B[ dy.me)+d(x1y) +rd(x,y) .. (1)
d(x,y)+d(y,Ty) 1+d(y.Ty)d(y,Tx)

forall x, ye X,a,8,7>0 and a +28+y <1.ThenT has a unique fixed point.

Proof: Let {x .} be a sequence in X, defined as follows
Let Xge X, TXg= X1, TX1 =X, y» TXp = Xnet,
Consider

d(xp Xpy1)= d(Mp_1,Txp)

< d(xnfl,Txn)d(xn,Txn) . d(xn,Txn71)+d(xn71,Txn)
d(xn_l,xn)+d(xn,Txn) 1+d(xn,Txn)d(xn,Txn_1)

AAAAAAAAAAAAAAAA

JJrJ’d (Xn—l'xn)

- d(xn_l,xn+1)d(xn,xn+1) d(xn,xn)+d(xn_1,xn+l)
<a +p +7d(xn—1lxn)
d(Xp_1,Xp)+d(xn, Xns1) 1+d(Xp, Xp41) d(xp,xp)
<ad(xp,xpp1)+ Bd(Xp_1,Xn41)+ 7 d (xn_1, %)
L-a-p)d(xp.xns1)s (B+r)d(xn_1,%n)

L+
d(xp,Xp41) < [—7 ]d(xn—lvxn)
l-a-p

d(xn, Xne1)<h d(xg_1,Xp beeee( 2)  where  h = ['BL]<1
l-a-p

In the same way, we have d(x,_q,xy)<h d(xy_2,%Xn_1)-
By (2), we get d(xp.xps1)<h® d(xp_p.xq_7) Continue this process, we get in general

d(xp.Xpsg)<h” d(xg,xg) Since 0<h<las n—>ow,h™ > 0. Hence {x,} isadg- cauchy sequence

in X . Thus {x .} dislocated quasi converges to some u in X . Since T is continuous we have T(u) = lim T(x )
=lim X,+1 =u.Thus u is a fixed point T.

Uniqueness: Let y* be another fixed point of T in X, then Ty*= y* and Tx*= x*.

NOW, ¢ (1x * 1y < a[ d 0Ty *) d(y* Ty *)]+ ﬁ[ d(y*Tx *)+d(xxTy *)
d(x* y*) +d(y*Ty *) T+d(y*Ty*) d(y*Tx *)

] +yd(x*y*) L (3)

d(x*,y* < «a [
d(x* y*) +d(y* y*) T+d(y* y* d(y* x*)

d(x*,y%) < 28d(x* y*) +yd (x* y*)
d(x*,y%) < (28 +y)d(x* y*)

This is true only when d(x*, y*)=0. Similarly d(y*, x*)=0. Hence d(x*, y*)= d(y*, x*)=0 and
so x* = y* . Hence T has a unique fixed point.

d(x* y=*) d(y* y*)}+ﬂ{ d(y* x*)+d(x* y*) ] T d (x*, y¥)
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